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Abstract 
Relative permeability (kr) data are the key factors for describing the behaviour of the 
multiphase flow in porous media. During the kr measurements of low permeability 
rocks, high capillary pressure can cause a significant liquid hold-up at the core outlet. 
This liquid hold-up, which is known as Capillary End Effect (CEE) is the main 
difficulty for laboratory measurements of relative permeability (kr) for tight and shale 
rocks. In this paper, a novel method is proposed to correct the CEE during the steady-
state relative permeability (SS kr) measurements. The integrity of the proposed method 
is evaluated by a set of artificially generated data and the experimental SS- kr data of an 
Eagle Ford shale sample. It is shown that accurate kr data can be obtained using the 
proposed technique. This technique can be used to estimate reliable kr data without any 
saturation profile measurement equipment, such as CT-scan or MRI. 
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1. Introduction 
Relative permeability (kr) functions are among the required data for simulation of 
multiphase flow in porous media. Such data are crucial for the estimation of 
productivity, ultimate recovery, formation injectivity and planning various engineering 
operations, including EOR and diagnosing formation damage [1, 2].  
Relative permeability data are usually measured in the laboratory using different 
techniques, including centrifuge, steady state, and unsteady state displacements. In a 
steady-state displacement, a constant total flow rate of liquid and gas is usually injected, 
while their ratio can be changed. In steady state method, it is necessary to reach to the 
equilibrium state across the core. After equilibrium, the pressure drop and flow rate data 
are used to calculate the individual phase kr values, according to Darcy’s law. Among 
the methods developed for kr measurements, the most reliable technique is the steady 
state method [3, 4]. In this technique, kr curves can be determined for a wider range of 
saturation compared to the other methods. However, this method has some 
disadvantages, including the long time required to attain the steady state and the 
capillary end effects [5, 6]. Nevertheless, considering the non-uniqueness and 
unreliability of the results obtained by the other techniques, the steady state method is 
still the most reliable one for relative permeability measurements.  
Relative permeability measurements of unconventional rocks are much more difficult 
compared to kr measurements of conventional rock samples. In unconventional rocks, 
the capillary pressure is significantly high compared to conventional matrix. In fact, the 
capillary pressure increases as the average pore size of the system decreases. In low-
permeability unconventional rocks, the average size of pores/throats is much smaller 
than the average pore size in conventional rocks. Thus, higher capillary pressure is 
expected in the unconventional rocks. Results of MICP measurements (mercury 
intrusion capillary pressure) performed on shale samples showed great capillary 
pressure, up to 70,000 psi [7, 8]. Such high capillary pressure can influence the two-
phase flow in unconventional rocks. For example, during the relative permeability 
measurements, high capillary pressure can cause a significant liquid hold-up at the core 
outlet. This liquid hold-up, which is known as Capillary End Effect (CEE) is the main 
difficulty for laboratory measurements of relative permeability (kr) for tight and shale 
rocks. In other words, as the capillary pressure is significantly high in the 
unconventional porous media, the CEE is dominant that makes all kr measurements, 
incorrect and unreliable [9]. 
Liquid hold-up (or CEE) is generally created due to a discontinuity in capillary pressure 
at the core outlet. This discontinuity causes an accumulation of wetting phase at the end 
part of the core. As a result, the saturation distribution of the wetting phase along the 
core is not uniform, which influences the pressure drop and the calculated kr. Figure 1 
shows a schematic of the saturation profile inside a core sample with a CEE region at 
the outlet. It should be noted that the main problem for the study of end effect is 
determination of the liquid saturation profile along the core. As mentioned, CEEs are 
more significant in tight/shale rock samples compared to the conventional rocks, 
because the capillary pressure is higher in the unconventional tight formations. One of 
the practical solutions to overcome the CEE during the kr measurements is to increase 
the injection rate or the core length. Although this may not be always possible for 
unconventional rocks, because of their low/ultralow matrix permeability which causes 
significant pressure drop and longer equilibrium time. Therefore, the capillary end 
effect may cover most of the core length during the steady state displacements. It 
happens because the length of the CEE region depends on the competition of the 
capillary and viscous forces. In other words, a lower rate (i.e. low viscous force) in a 
porous medium with high capillary pressure results in a longer CEE length. 
 
Figure 1 : A schematic of saturation profile of the wetting phase inside the core during the 
steady state relative permeability measurement when the capillary end effect (CEE) is dominant. 
 
The capillary end effect has been extensively studied for many years. Leverett (1941) 
mentioned the boundary effect in porous materials [10]. Osoba et al. (1951) reported 
that there is no variation in kr at different rates in the absence of boundary effects [11]. 
They proposed using high flow rates to minimise the end effects. Rapaport and Leas 
(1953) studied effects of the core length and injection rate on the flooding behaviour. 
They concluded that the same flooding behaviour is obtained for different lengths, if the 
injection rates are properly adjusted. They added that the flooding behaviour 
dependency to the rate and length decreases as anyone of these factors increases in 
value. They also proposed a scaling criteria to determine the stabilisation of flooding 
[12]. 
In addition, there are several published papers, which propose that additional 
information should be obtained (e.g. in-situ saturation, independent measurement of 
capillary pressure, in-situ pressure measurements along the core) to correct measured 
relative permeability data for CEE. Haung and Honarpour (1988) proposed the use of 
kr-Pc relationships to correct the capillary end effects. However, their method is difficult 
to apply and may not be valid for rocks with unknown kr-Pc functions [13]. Qadeer et al. 
(1991) developed a model, which consists of an optimisation algorithm to estimate the 
oil/water kr exponential functions from the unsteady state displacement experiments. 
However, in this approach, a Pc function is required and the match might not be unique 
[14]. Virnovsky et al. (1995, 1998) proposed measuring Pc separately, which is then 
used to estimate saturation and kr data and correct CEE [6, 15]. Chen and Wood (2001) 
measured the in-situ saturation and pressure at different intervals along the core. 
Although during the kr measurements the pressure can be recorded by internal taps, it is 
expensive and impractical for cores such as shale and tight samples, which are not long 
enough [16].  
It is noted that all the studies mentioned above have been performed on conventional 
core samples. Recently, Gupta and Maloney (2015) proposed a technique to correct 
CEE by performing measurements at different flow rates. Although no additional 
information (e.g. in-situ saturation) is required in their method, they assumed a constant 
wetting phase kr along the core, which is open to question. In addition, they did not 
consider the variation of the length of the CEE region at different flow rates [9]. In this 
paper, this issue is discussed in detail and it is shown that the length of the CEE region 
is not constant and changes with the flow rate, which poses serious questions on the 
validity of the approach proposed by Gupta and Maloney (2015). 
As indicated above, in most of the proposed methods for CEE correction, additional 
information such as in-situ saturation or in-situ pressure is required. In practice, it is 
difficult to have an in-situ pressure transducer on shale/tight samples, which are general 
small plugs. It is noted that the length of the shale/tight rock samples used in the 
displacement experiments are generally small, due to the ultralow permeability of these 
rock types. In addition, measurements of in-situ liquid saturation are very expensive and 
may not be accurate for such small samples. To date, there is no reported data on 
relative permeability measurements of shale rock samples corrected for capillary end 
effects. The previous theoretical and experimental studies were developed for 
conventional rock types. To the best of the author’s knowledge, this is the first time that 
the relative permeabilities of shale samples have been measured, and the capillary end 
effects have been corrected, based on a proposed unique method. 
In this paper, the results of measuring relative permeability of an Eagle Ford shale 
sample are presented. To handle the CEEs, a new technique has been proposed to 
correct the experimental kr data. In this method, four different flow rates are required to 
be injected for each flow rate ratio. For all flow rates, the pressure drop across the core 
and the measured wetting phase saturations (obtained by material balance) are used to 
solve the four pressure and four saturation equations simultaneously. From the results, 
the CEE length at each flow rate, corrected wetting phase saturation, average wetting 
phase saturation in the CEE region and the corresponding kr values can be obtained. It 
should be noted that, the correction of the kr data means that more accurate values are 
obtained through the modification of kr calculations. In other words, by this correction, 
the influence of CEE can be removed during the SS kr measurements. To examine the 
integrity of the proposed method, two theoretically generated data sets were used. The 
results obtained from this technique were compared with the original kr input data to 
evaluate the prediction error. In addition, as will be discussed in the last part of the 
paper, the proposed technique has been applied to the experimental data, from 
measurements performed on an Eagle Ford shale sample to obtain the actual kr 
functions. 
2. Experiments: Materials and Method 
The steady state relative permeability (SS-kr) experiments were performed on an Eagle 
Ford shale sample. The basic properties of this shale rock sample are shown in Table 1. 
The rock sample was dried overnight at 105 ℃ while connected to the vacuum pump. 
The absolute permeability of the Eagle Ford is 9.9 𝜇𝜇D at net stress of 1000 psi 
(assuming an effective stress coefficient of unity). The absolute permeability of the rock 
sample was measured using pure N2 and corrected for slippage effects. The details of 
the measurements and corrections can be found elsewhere [22]. For these 
measurements, a fluid system of Butane/Nitrogen (C4/N2) at 1500 Psi and 22 ℃ was 
used. The fluid PVT properties were obtained using PVTi - Eclipse Software. The 
interfacial tension (IFT) of the system was estimated as 5.5 mN/m under the 
experimental conditions. This fluid system (with low viscosities) was intentionally 
selected to minimise the pressure difference across the core. For fluid preparation, pure 
nitrogen (N2) and butane (C4) were mixed in the recombination cell and shaken for 24 
hours to reach the equilibrium state. The overall molar compositions of the N2 and C4 
were 40% and 60%, respectively. The fluids were mixed based on the calculated 
volume at 1500 psi using PVTi - Eclipse Software. After equilibrium, the liquid and gas 
were separated into gas and liquid injection cells. 
The imbibition SS-kr measurements were performed by co-injection of liquid and gas 
into the gas saturated core. The schematic diagram of the steady state setup is shown in 
Figure 2. The pressures were measured across the core at the inlet and outlet using a 
Quartzdyne pressure transducer. The accuracy of these pressure transducers is ±0.015% 
FS. Four accurate Quizix pumps were used at the same time for fluid injection and 
retraction. Prior to each experiment, a gas leakage test at high pressure was performed 
on the system. In addition, the dead volumes of all lines and valves were measured 
based on the Boyle two-cell method, using nitrogen at low pressure. The measured dead 
volume was double-checked by using a standard core, which had a known pore volume 
of 0.4 cc. 
The liquid and gas were injected simultaneously through the core and continued to 
reach the equilibrium state. It is noted that the core was saturated by N2 before 
simultaneous injection of N2 and C4. Gas and liquid were injected into the core at the 
selected value of LGR (liquid to gas ratio, volume liquid/volume gas, at test conditions). 
The equilibrium state was achieved when the rate of gas and liquid injection was equal 
to rate of gas and liquid retractions. In addition, the pressure drop across the core 
sample was stable when the steady state condition was achieved. Then, the average 
saturation of the core was calculated based on an accurate material balance, benefiting 
from the HPHT visual separator, which enabled the gas and liquid production to be 
measured at test conditions. In other words, the error caused by fluid 
expansion/contraction was removed when the measurements were performed under the 
experimental conditions. Furthermore, since the pore volumes of shale samples are 
generally low, the material balance calculations are subject to significant error without 
accurate measurement of fluid production. The accuracy of the visual separator used in 
this study was ±0.07 cc, which allows an error of <1% for saturation measurements. 
Finally, the recorded pressure drop was used in Darcy’s law to obtain relative 
permeability values for both liquid and gas phases. For each fractional flow, the total 
flow rates of 10 cc/hr (1.6 m/day), 13 cc/hr (2.1 m/day), 16 cc/hr (2.5 m/day) and 20 
cc/hr (3.2 m/day) were injected. 
After each measurement, to restore the initial conditions, the core was left at 
atmospheric pressure and room temperature overnight. In addition, the core was cleaned 
by injection of several pore volumes methane to remove any remained liquid butane. 
The core absolute permeability was measured before each test to ensure that the original 
conditions had been restored. It is noted that the experiments were not conducted in 
sequence. In other words, for each injection rate (at each LGR), the initial condition was 
established, and the simultaneous co-injection was performed. 
 
 
 
Figure 2 : The schematic diagram of the steady state relative permeability measurement setup 
equipped with a high-pressure visual separator with an accuracy of 0.07 cc. 
 
Table 1 : Basic properties of the shale rock sample used in this study. 
Shale 
Sample 
Length 
(cm) 
Diameter 
(cm) 
Porosity 
(%) 
Abs. 
Permeability 
(𝝁𝝁D) 
Orientation Moisture 
Eagle Ford 4.61 3.77 13.5 9.9 
Parallel to 
bedding 
Fully Dry 
 
3. Multi-Rate Method for Capillary End Effect Correction 
Capillary End Effect for SS Displacement 
For the first time, Richardson et al. (1952) used the capillary end effect formulation in 
two immiscible fluid injection into horizontal porous media. They have conducted a 
series of gas-displacing-oil experiments using a Berea sandstone to study capillary end 
effects. Richardson et al. compared their experimental results with the obtained 
analytical solutions and demonstrated excellent agreements between measurements and 
predictions [5]. Later, Huang and Honarpour (1998) used the same formulation to 
discuss an experiment of co-injecting oil and water into a water pre-saturated, water-wet 
core sample. They used capillary end effect formulation in steady state displacement to 
show how the relative permeability and capillary pressure can be estimated from the 
non-uniform liquid saturation profile. In the following, same formulation was used to 
obtain the liquid saturation profile when capillary end effects are not negligible [13]. 
In a SS-kr measurement experiment, assuming incompressible and immiscible fluids, 
the following equations can be used for one-dimensional flow of gas and liquid (oil), 
including the capillary pressure: 
𝑞𝑞𝑔𝑔 = −𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔𝐴𝐴𝜇𝜇𝑔𝑔 𝜕𝜕𝑃𝑃𝑔𝑔𝜕𝜕𝜕𝜕  (1) 
𝑞𝑞𝑜𝑜 = −𝐾𝐾𝑘𝑘𝑟𝑟𝑜𝑜𝐴𝐴𝜇𝜇𝑜𝑜 𝜕𝜕𝑃𝑃𝑜𝑜𝜕𝜕𝜕𝜕  (2) 
 
𝑃𝑃𝑐𝑐 = 𝑃𝑃𝑔𝑔 − 𝑃𝑃𝑜𝑜 (3) 
The gradient of capillary pressure can be stated as: 
𝜕𝜕𝑃𝑃𝑐𝑐
𝜕𝜕𝜕𝜕
= 1
𝐾𝐾𝐴𝐴
(𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜
𝑘𝑘𝑟𝑟𝑜𝑜
−
𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔
𝑘𝑘𝑟𝑟𝑔𝑔
) (4) 
and 
𝜕𝜕𝑃𝑃𝑐𝑐
𝜕𝜕𝜕𝜕
= 𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 𝜕𝜕𝑑𝑑𝑜𝑜
𝜕𝜕𝜕𝜕
 
(5) 
 1
𝐾𝐾𝐴𝐴
(𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜
𝑘𝑘𝑟𝑟𝑜𝑜
−
𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔
𝑘𝑘𝑟𝑟𝑔𝑔
) = 𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 𝜕𝜕𝑑𝑑𝑜𝑜
𝜕𝜕𝜕𝜕
 
(6) 
 
Hence at steady state conditions: 
𝑑𝑑𝜕𝜕 =  𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜1
𝐾𝐾𝐴𝐴 (𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 ) (7) 
The above equation can be integrated along the core from 𝜕𝜕 to 𝐿𝐿, i.e. from 𝑑𝑑𝑜𝑜 to 1 −
𝑑𝑑𝑔𝑔𝑟𝑟 [17]: 
𝜕𝜕 = 𝐿𝐿 − 𝐾𝐾𝐴𝐴� [ 𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜 (𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )
1−𝑆𝑆𝑔𝑔𝑔𝑔
𝑆𝑆𝑜𝑜
]𝑑𝑑𝑑𝑑𝑜𝑜 (8) 
It should be noted that 𝑑𝑑𝑔𝑔𝑟𝑟 is the residual gas saturation, which is assumed to be 
constant. The saturation profile along the core can be obtained analytically from the 
above equation if the capillary pressure and relative permeability functions are known.  
It is noted that the reliability of this equation were confirmed before [5]. As an example, 
for the application of this equation, it was used with known Pc and kr data (shown in 
Figure 3) to produce a typical saturation profile. Figure 4 shows a theoretical saturation 
profile generated by Equation 8 for two different flow rates at the same liquid/gas flow 
rate ratio (F or LGR). As shown in this Figure, by increasing the flow rate, the length of 
the CEE region is decreased and the effect of the boundary is reduced. Hence, various 
flow rates give different CEE lengths (𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶). This solution clearly supports the 
conclusion that, at higher flow rates, the CEE is reduced. In addition, it is shown that 
the wetting phase (liquid) saturation (𝑑𝑑𝑜𝑜∗)  in the unaffected region of the core is not 
influenced by the capillary end effect and it is the same at both flow rates: i.e. at the 
same flow rate ratio (F), the wetting phase saturation in the unaffected zone is constant 
and independent of the flow rates. In this study, these two regions (unaffected and CEE) 
will be used later in the proposed method to capture CEEs during SS-kr measurements. 
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Figure 3 : (a) Imbibition relative permeability and (b) imbibition capillary pressure data used in 
the analytical solution. 
 
 
 
Figure 4 : Theoretical wetting phase saturation profile for constant LGR of 0.08 and at different 
gas flow rates of 5 and 30 cc/hr. 
 
Method Development 
In the steady state relative permeability (SS-kr) measurements, the saturation profile can 
give valuable information regarding the capillary end effect (CEE). Among available 
techniques for the determination of saturation profile, the X-ray computed tomography 
method (X-ray CT) is the most popular one [18-20]. Magnetic resonance imaging 
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(MRI) is also a well-established method for such purposes [21]. In the steady-state 
experiments, the measured saturation profile together with a pre-determined Pc function 
can be used to obtain the SS-kr data using a history matching technique. However, the 
SS-kr values obtained may not be unique. In addition, obtaining saturation profile 
measurements with the current techniques make the experiment more complicated and 
expensive. In the method proposed in this study, only a conventional steady state setup 
is required with no additional modifications. In this technique, data of different rates are 
needed for each fractional flow, to correct SS-kr and saturation data obtained from the 
experiments. 
As explained previously, the saturation profile along the core can be divided into two 
separate regions of CEE and unaffected zone. In the unaffected zone, the wetting phase 
saturation is constant while in the CEE region, the wetting phase saturation changes 
from the 𝑑𝑑𝑜𝑜∗ to (1 − 𝑑𝑑𝑔𝑔𝑟𝑟) , where 𝑑𝑑𝑔𝑔𝑟𝑟 is the residual gas saturation. It is noted that the kr 
data is constant in the unaffected zone, as it is only a function of fluid saturation, which 
is constant in that region. 
In addition, knowing the saturation profile along the core, the gas pressure drop can be 
calculated as follows: 
�𝑑𝑑𝑃𝑃𝑔𝑔 =    𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝐾𝐾𝐴𝐴 � 𝑑𝑑𝜕𝜕𝑘𝑘𝑟𝑟𝑔𝑔     (9) 
For the CEE region, the pressure drop can be obtained as: 
� 𝑑𝑑𝑃𝑃𝑔𝑔
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
𝑃𝑃𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
= 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔
𝐾𝐾𝐴𝐴
� [ 𝑑𝑑𝜕𝜕
𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜)𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 ]      (10) 
Using Equation 7, gives: 
� 𝑑𝑑𝑃𝑃𝑔𝑔
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
𝑃𝑃𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
= 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔
𝐾𝐾𝐴𝐴
� [  �
𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 1
𝐾𝐾𝐴𝐴 (𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )�
𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜)1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜∗    ]𝑑𝑑𝑑𝑑𝑜𝑜  (11) 
After some manipulations it gives: 
∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 = � 𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜(𝐹𝐹 𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑜𝑜 − 1)
1−𝑆𝑆𝑔𝑔𝑔𝑔
𝑆𝑆𝑜𝑜
∗  (12) 
where 𝐹𝐹 is the liquid gas flow rate ratio (LGR): 
𝐹𝐹 = 𝑞𝑞𝑜𝑜
𝑞𝑞𝑔𝑔
  (13) 
As mentioned before and shown in Figure 4, in the CEE region the wetting phase 
saturation changes from 𝑑𝑑𝑜𝑜∗ at the beginning to  (1 − 𝑑𝑑𝑔𝑔𝑟𝑟)  at the end of the core. From 
Equation 12, the pressure drop across the CEE region (∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶) is not a function of the 
flow rate. That is, (∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶)  is constant at the same LGR (F) irrespective of the total flow 
rates. In other words, it is proved in Equation 12 that the ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶  is constant for all SS-kr 
measurements performed at different flow rates but with the same LGR. 
However, the length of the CEE region (𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶) is not constant for all flow rates. 
Considering the constant ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 for different total flow rates at the same LGR, the 
pressure drop across the core can be written as follows: 
 
∆𝑃𝑃𝑐𝑐𝑜𝑜𝑟𝑟𝑐𝑐 = 𝑞𝑞𝑔𝑔 𝜇𝜇𝑔𝑔 (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶)𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗)𝐴𝐴 +  ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 (14) 
In Equation 14, when applied to the results of an experiment, the values of  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 , 
𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗) and ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 are unknown, which are going to be determined.  
In a similar way, it can be shown that the “average liquid saturation” at the CEE region 
is also constant for different flow rates with the same LGR. That is, the average 
saturation is defined as: 
 
𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶 = ∫ 𝑑𝑑𝑜𝑜 𝑑𝑑𝜕𝜕𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
∫ 𝑑𝑑𝜕𝜕
𝐿𝐿
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
 (15a) 
which can also be written as follows, if Equation 7 is used: 
𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶 = ∫ 𝑑𝑑𝑜𝑜 𝑑𝑑𝜕𝜕𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
∫ 𝑑𝑑𝜕𝜕
𝐿𝐿
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
= ∫  
 𝑑𝑑𝑜𝑜 𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜1
𝐾𝐾𝐴𝐴 (𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
∫
𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 𝑑𝑑𝑑𝑑𝑜𝑜1
𝐾𝐾𝐴𝐴 (𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
= 𝑞𝑞𝑔𝑔 ∫  
 𝑑𝑑𝑜𝑜 𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜(𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
𝑞𝑞𝑔𝑔 ∫
𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 𝑑𝑑𝑑𝑑𝑜𝑜(𝑞𝑞𝑜𝑜𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝑞𝑞𝑔𝑔𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔 )1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
= ∫  
 𝑑𝑑𝑜𝑜 𝑑𝑑𝑃𝑃𝑐𝑐𝑑𝑑𝑑𝑑𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜(𝐹𝐹 𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔)1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
∫
𝑑𝑑𝑃𝑃𝑐𝑐
𝑑𝑑𝑑𝑑𝑜𝑜
 𝑑𝑑𝑑𝑑𝑜𝑜(𝐹𝐹 𝜇𝜇𝑜𝑜𝑘𝑘𝑟𝑟𝑜𝑜 − 𝜇𝜇𝑔𝑔𝑘𝑘𝑟𝑟𝑔𝑔)1−𝑆𝑆𝑔𝑔𝑔𝑔𝑆𝑆𝑜𝑜
 
 
     (15b) 
As shown in this equation, the average oil saturation in the CEE region (𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶  ) is also 
independent of flow rates and it is constant for all SS-kr experiments performed at 
different flow rates with the same LGR (F). Therefore, the saturation equation for the 
core, considering the two separate regions, can be written as follows: 
𝑑𝑑𝑜𝑜��� L =  𝑑𝑑𝑜𝑜∗(𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶) +  𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 (16) 
where 𝑑𝑑𝑜𝑜��� is the average wetting phase saturation inside the entire core, which is 
measured during the SS-kr experiment, 𝑑𝑑𝑜𝑜∗ is the wetting phase saturation in the 
unaffected zone,  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 is the length of the CEE region and 𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶 is the average 
saturation in the CEE region. It should be noted that, in Equation 16, when applied to 
the results of a SS-kr experiment, 𝑑𝑑𝑜𝑜∗,  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 and 𝑑𝑑?̅?𝑜 𝐶𝐶𝐶𝐶𝐶𝐶 are again unknowns which are 
going to be determined.  
During the experiments, the pressure drop across the core (∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸) and the average 
saturation (𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸) can be measured at each flow rate. It is noted that this measured 
average saturation (𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸) is the average wetting phase saturation in the entire core (𝑑𝑑𝑜𝑜���). 
 Assuming performing SS-kr experiments at four different flow rates (with constant 
LGR), the following equations can be written for pressure and wetting phase 
saturations: 
⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸
1 =  𝑞𝑞𝑔𝑔1   𝜇𝜇𝑔𝑔 (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶1 )
𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗)𝐴𝐴 + ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶  
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸
2 =  𝑞𝑞𝑔𝑔2  𝜇𝜇𝑔𝑔 (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶2 )
𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗)𝐴𝐴 + ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸
3 =  𝑞𝑞𝑔𝑔3  𝜇𝜇𝑔𝑔 (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶3 )
𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗)𝐴𝐴 + ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸
4 =  𝑞𝑞𝑔𝑔4  𝜇𝜇𝑔𝑔 (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶4 )
𝐾𝐾𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗)𝐴𝐴 + ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶
 (17) 
and  
⎩
⎪
⎨
⎪
⎧
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸
1 𝐿𝐿 =  𝑑𝑑𝑜𝑜∗  (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶1 ) +  𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶1  
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸
2 𝐿𝐿 =  𝑑𝑑𝑜𝑜∗  (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶2 ) + 𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶2
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸
3 𝐿𝐿 =  𝑑𝑑𝑜𝑜∗  (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶3 ) + 𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶3
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸
4 𝐿𝐿 =  𝑑𝑑𝑜𝑜∗  (𝐿𝐿 − 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶4 ) + 𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶4  (18) 
where 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶1 , 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶2 , 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶3 , 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶4 ,𝑑𝑑𝑜𝑜
∗ , 𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗),𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶 and ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 are unknowns. The above 
eight equations can be solved simultaneously for these unknowns. After solving the 
equations, the wetting phase saturation 𝑑𝑑𝑜𝑜∗ and non-wetting relative permeability 
𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗) are known. Thus, the only unknown value for plotting the relative 
permeability data is 𝑘𝑘𝑟𝑟𝑜𝑜(𝑑𝑑𝑜𝑜∗). This value can be calculated using the Darcy law as 
follows. After solving the equations (Equation 17 and 18), the pressure drop across the 
CEE region is obtained. Therefore, the value of the pressure drop across the “unaffected 
zone” can be also calculated (∆𝑃𝑃𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢. = ∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 − ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶). Having the pressure drop 
across the unaffected zone and the liquid rate, the 𝑘𝑘𝑟𝑟𝑜𝑜(𝑑𝑑𝑜𝑜∗) can be easily calculated 
using Darcy law. Therefore, the corrected kr data corresponding to a single LGR are 
obtained. The procedure should then be repeated for the next LGR. In the following 
sections, the proposed technique is evaluated, using both theoretical and experimental 
data. 
 
4. Results and Discussion 
CEE Correction by the Multi-Rate Method: Theoretical Data 
In this section, the integrity of the proposed technique is evaluated using two sets of 
theoretically generated data. To achieve this aim, known functions of Pc and kr data 
were employed in the corresponding analytical equation to simulate a steady-state two-
phase displacement through a core. The theoretically generated experimental data (i.e. 
pressure drop (∆𝑃𝑃𝐶𝐶𝐸𝐸𝑃𝑃) from Equation 9, and average saturation (𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸) from Equation 
15) were then obtained. For generation of these data, the input parameters were selected 
in such way to have dominant end effects. In the next step, to evaluate the proposed 
technique, the generated experimental data (with CEEs) were used to predict the 
corrected kr data. Finally, the corrected data obtained by the proposed method were 
compared with the actual known kr functions. The predicted CEE length and pressure 
drop were also compared with the analytically calculated values. In this study, the 
imbibition kr and Pc functions, shown in Figure 3 were used. Table 2 shows the PVT 
and the core properties used for this exercise. 
Table 2 : Rock and PVT properties used in the numerical solution to generate experimental 
data. 
Property Test 1 Test 2 
LGR 0.08 0.02 
Gas flow rate (cc/hr) 4,5,11,15,30 5,11,15,25,50 
Abs. Permeability (𝜇𝜇D) 16 16 
Area (cm2) 11.4 11.4 
Gas viscosity (cP) 0.0192 0.0192 
Liquid viscosity (cP) 0.1268 0.1268 
Core length (cm) 4.61 4.61 
Soi and Sgr 0.3 , 0.18 0.3 , 0.18 
 
As mentioned before, using the kr and Pc data in Figure 3 and input parameters shown in 
Table 2, the saturation profile at different flow rates can be numerically obtained using 
Equation 8. Figure 5 shows these obtained saturation profiles along the core for the two 
tests conducted at various LGRs. When LGR=0.08, the dimensionless CEE lengths 
(𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶/𝐿𝐿) for the gas flow rates of 4, 5, 11, 15 and 30 are 0.689, 0.232, 0.218, 0.184 and 
0.092, respectively. When LGR=0.02, the dimensionless CEE lengths (𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶/𝐿𝐿) for the 
gas flow rates of 11, 15, 25 and 50 are 0.921, 0.676, 0.405 and 0.203 respectively. For 
gas flow rate of 5 cc/hr, the obtained 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 was greater than L which shows that the CEE 
region covers the entire core sample. 
As mentioned before, at constant LGR the wetting phase saturation in the unaffected 
zone (𝑑𝑑𝑜𝑜∗) is constant at all flow rates. In these results from numerical solutions, the 𝑑𝑑𝑜𝑜∗  
value at the higher LGR of 0.08 is 0.56 and at the lower LGR of 0.02, it is 0.45. It is 
clear that, by decreasing the LGR, 𝑑𝑑𝑜𝑜∗  decreases. 
Another point that should be noted here is the CEE length for different LGRs at the 
same flow rate. For example, when LGR=0.08, 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶/𝐿𝐿 = 0.184 for the gas flow rate of 
15, while it is 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶/𝐿𝐿 = 0.676 for the same gas flow rate when LGR=0.02. It can be 
concluded that the CEE is more dominant at lower LGR. For example, in this case, the 
CEE has occupied the 18.4 % of the core length when LGR is 0.08, while it has 
occupied 67.6% of it, when LGR is equal to 0.02. Hence, at lower LGR, the CEE is 
more dominant. The same behaviour can be observed by comparing the simulated 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶/𝐿𝐿 for the flow rates of 5 and 11 cc/hr. 
As mentioned above, from the numerical solution for a SS coreflood, the measured 
pressure drop and measured average saturation of wetting phase can be calculated. In 
other words, knowing the saturation profile along the core (from Equation 8), the 
pressure drop across the core can be calculated using Equation 9. In real SS kr 
experiments, this pressure drop is usually measured across the core by the pressure 
transducers. The average saturation in the core can be also calculated using Equation 15. 
In real SS kr experiments, this average saturation is obtained using the material balance.  
These data (pressure drop and average saturation) were used in the proposed procedure 
to obtain the corrected gas and oil kr data. Table 3 and Table 4 show these parameters 
obtained from the numerical solutions. 
Table 3: The pressure drop, measured krg and measured average saturation values in an artificial 
steady-state relative permeability experiment with LGR of 0.08. 
𝒒𝒒𝒈𝒈 𝟒𝟒 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟓𝟓 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟏𝟏𝟓𝟓 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟑𝟑𝟑𝟑 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 (𝑃𝑃𝑃𝑃𝑃𝑃) 57.99 70.77 198.52 390.14 
𝑘𝑘𝑟𝑟𝑔𝑔 𝐶𝐶𝐸𝐸𝐸𝐸 0.136 0.139 0.149 0.152 
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸 0.574 0.571 0.564 0.562 
 
 
 
Table 4: The pressure drop, measured krg and measured average saturation values in an artificial 
steady-state relative permeability experiment with LGR of 0.02. 
𝒒𝒒𝒈𝒈 𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟏𝟏𝟓𝟓 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟐𝟐𝟓𝟓 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 𝟓𝟓𝟑𝟑 𝒄𝒄𝒄𝒄/𝒉𝒉𝒉𝒉 
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸(𝑃𝑃𝑃𝑃𝑃𝑃) 95.00 123.74 195.57 375.15 
𝑘𝑘𝑟𝑟𝑔𝑔 𝐶𝐶𝐸𝐸𝐸𝐸 0.229 0.240 0.253 0.264 
𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸 0.478 0.470 0.462 0.456 
 
(a) 
 
(b) 
Figure 5 : The saturation profiles for two LGRs of (a) 0.08 and (b) 0.02 obtained from the 
simulation of core flooding experiments at five different flow rates. 
 
For test 1 (LGR of 0.08), the artificial experimental data ( ∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 and  𝑑𝑑?̅?𝐶𝐸𝐸𝐸𝐸) shown in 
Table 3  were used in Equations 17 and 18 to obtain the unknowns, which are 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶1 , 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
2 , 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶3 , 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶4 , 𝑑𝑑𝑜𝑜
∗, 𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗), 𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶 and ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶. The data shown in Table 4 were also 
used with the same procedure to obtain the unknowns in test 2 (LGR of 0.02).  
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After using the proposed method for correction of CEE, the obtained results were 
compared with the actual values, as shown in Table 5. It should be noted that the actual 
data are obtained from the input kr functions and the results of Eq. 8, 12 and 15b. As 
shown in this table, the predicted values are in good agreement with the actual data. In 
addition, benefiting from the proposed technique, some valuable information about the 
saturation profile and pressure drop along the core can be obtained. The wetting phase 
relative permeability,  𝑘𝑘𝑟𝑟𝑜𝑜(𝑑𝑑𝑜𝑜∗), can be simply calculated by the Darcy equation when 
the length of the unaffected zone and the pressure drop across it are known. Figure 6 
shows the gas and oil kr obtained from the artificial experiment (with CEE) compared 
with the actual data (from the known function) and corrected data (using the proposed 
technique). In addition to two LGR of 0.08 and 0.25, artificial experimental data for 
LGR of 0.005 and 0.65 were generated and presented in this figure. It was aimed to 
evaluate the performance of the proposed method for the measured kr data close to the 
endpoints. As illustrated, the corrected values near the endpoint are acceptable enough 
compared to the actual data. 
It has to be borne in mind that the measured kr and saturation values can be corrected by 
the proposed method, as long as the experimental data for four different flow rates at 
each LGR are available. It should also be noted that, in this approach, it is necessary for 
the CEE region to be smaller than the core length. In other words, the core should not be 
entirely covered by the CEE region and the unaffected zone should be still available. 
Hence, if 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 > 𝐿𝐿 is obtained for a test, then a higher flow rate is required to shorten 
the CEE region.   
Another advantage of this technique is that the proposed method can be applied to the 
experimental data before going to the next LGR. This means that, during the 
experiments, if  𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 > 𝐿𝐿 is obtained for a set of flow rates at a specified LGR, the 
experiments can be repeated with higher flow rates before moving to the next LGR.  
 
Table 5 : The actual and predicted values of CEE length, CEE pressure, wetting phase 
saturation and corresponding non-wetting relative permeability. 
Parameter 
Test 1 (LGR=0.08) Test 2 (LGR=0.02) 
Predicted 
True 
value 
Rel. Error 
(%) 
Predicted True value 
Rel. Error 
(%) 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
1 /𝐿𝐿 0.7264 0.68911 5.41 % 0.9130 0.9211 0.88 % 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
2 /𝐿𝐿 0.5807 0.5513 5.33 % 0.6629 0.6755 1.87 % 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
3 /𝐿𝐿 0.1924 0.1838 4.68 % 0.3878 0.4053 4.32 % 
𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶
4 /𝐿𝐿 0.0954 0.0919 3.78 % 0.1815 0.2026 10.41 % 
𝑘𝑘𝑟𝑟𝑔𝑔(𝑑𝑑𝑜𝑜∗) 0.1553 0.1550 0.21 % 0.2826 0.2758 2.47 % 
∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶  44.030 42.116 4.55 % 88.2944 88.7721 0.54 % 
𝑑𝑑?̅?𝐶𝐶𝐶𝐶𝐶 0.5793 0.5803 0.17 % 0.4808 0.4805 ~0% 
𝑑𝑑𝑜𝑜
∗ 0.5600 0.5600 0 % 0.4500 0.4507 ~0% 
 
 
 
Figure 6 : The gas and oil relative permeability obtained from the artificial experiment 
compared with actual and corrected data using the proposed technique. 
 
In Table 5, the pressure drop values across the CEE zone are also presented. As shown 
in Equation 12, this pressure is not a function of the flow rate. Hence, a certain value is 
obtained for each LGR, regardless of the injected flow rate. As mentioned before, Gupta 
and Maloney (2015) proposed a method to obtain this pressure drop (∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶) from the 
non-zero intercept when plotting the measured pressures versus total flow rates (See 
Appendix I for more details). It is noted that, Gupta and Maloney assumed a constant 
CEE length to estimate the ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 for each LGR, while as shown in this study, the CEE 
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lengths are different at different flow rates. As seen in Equation 14, the CEE length 
changes as flow rate changes, hence only plotting measured pressure versus flow rate 
will give a wrong value for ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 (compare Equation 14 with Equation A-2 and A-3 in 
Appendix I). The results from following their procedure are shown in Figure 7. As 
indicated, the predicted ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 by Gupta and Maloney (2015) method are 6.9, 18.9, 24.9 
and -0.7 psi for tests with LGR of 0.08, 0.02, 0.005 and 0.65 respectively, while the true 
values are 42.1, 88.8, 157.9 and 4.12 psi. 
 
 
Figure 7 : Experimental pressure drops versus the total flow rates used to follow the intercept 
method proposed by Gupta and Maloney (2015). Based on their method, the non-zero intercept 
(red circles) gives ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 . 
 
CEE Correction by Rate Technique: Experimental Data 
The relative permeabilities of an Eagle Ford shale sample were measured following the 
steady-state method explained earlier. For the Eagle Ford sample, four total flow rates 
of 10 cc/hr (equivalent to 1.6 m/day), 13 cc/hr (2.1 m/day), 16 cc/hr (2.5 m/day) and 20 
cc/hr (3.2 m/day) were injected. As the SS-kr experiments are tedious and time-
consuming, the experiments were performed at two LGRs. To have a wider range of 
saturation, LGRs of 0.08 and 0.25 were selected. It is noted that, compared to 
conventional samples, the equilibrium state for unconventional rocks is achieved after a 
longer period of time. This is because of their ultra-low permeability and low injection 
rates used for displacement. To determine the end points, the relative permeability of 
gas and oil were measured at residual liquid and residual gas saturation, respectively. 
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The measured SS-kr data of the Eagle Ford sample are shown in Figure 8. As illustrated, 
different relative permeability curves were obtained for different flow rates. As reported 
by many researchers [11, 12, 17], in the absence of CEE, the relative permeability data 
are not a function of flow rate. Therefore, it can be stated that these results have been 
affected by CEE. As explained before, for unconventional rocks, the capillary pressure 
is much higher compared to conventional samples. This high capillary pressure 
enhances the effect of CEE on measured data. In fact, the liquid hold-up at the core 
outlet depends on the competition of capillary forces and viscous force. In addition, as 
higher flow rates cannot be injected into such a tight matrix (injection at high rates 
results in a very unsustainably high pressure drop across the core) the viscous forces are 
small and the capillary forces are dominant. For example, for the core samples under 
study, the maximum practical injection rate is assumed to be 20 cc/hr, considering core 
physical properties and fluid viscosities at the experimental conditions. Injecting at 
higher flow rates creates a high pressure drop across the core, which results in an 
intensive stress change along the core. In addition, rock and fluid properties may change 
significantly when high pressure difference is applied across the core. 
As can be seen in Figure 8, for almost all flow rates, different saturation and SS-kr 
values were obtained, which confirms the presence of the capillary end effect (CEE). In 
these tests, and even at the highest injection flow rate, the CEE had a significant impact 
on the measured data. This discrepancy in the measured kr increased as the LGR was 
decreased towards lower liquid saturation. It further confirms that the capillary end 
effect is the main reason for this observation. In other words, by reducing LGR, the end 
effects become more dominant. Here, at the left-hand side of Figure 8, significant 
differences are observed between the measured SS-kr at the lower LGR which confirms 
the dominant influence of CEE on the measured data. In addition, as seen in this figure, 
the difference in the measured residual gas saturation and the SS-kr value at different 
flow rates is negligible at higher LGR (right-hand side of Figure 8). Therefore, it is 
more necessary to correct the experimental kr data for CEE at the lower LGRs.  
 (a) 
 
(b) 
Figure 8 : Gas/oil SS-kr data of Eagle Ford sample for different total flow rates measured at 
1500 psi (corresponding to IFT of 5.5 mN/m) shown in (a) linear and (b) semi-log scale. 
 
In addition to the verification by theoretical data, the developed technique was applied 
to the measured experimental data to correct the CEE. To this aim, the pressure drop 
and saturations obtained during SS-kr measurements (shown in Figure 8) were used in 
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Equations 17 and 18 to estimate the CEE length, relative permeability data and the 
corresponding saturations for each LGR. As before, to solve the equations, a numerical 
solver in MATLAB with the Levenberg-Marquardt algorithm was used. 
Table 6 presents the results obtained for all flow rates, measured at two LGRs of 0.08 
and 0.25. As shown, the estimated CEE length (𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶) is longer for the lower flow rates, 
which confirms that the CEE decreases as the injection rate increases. In addition, as 
seen in this table, the CEE region covers a significant area of the Eagle Ford sample 
during the SS-kr measurements. This confirms the prevailing effect of the CEE on the 
experimental data when measuring SS-kr of Eagle Ford shale. It is also shown that the 
corrected gas kr value is 0.28, which is 8% greater than 0.2, which was the value 
obtained at the highest flow rate. This means that the CEE may cause errors, even in 
measured kr data with the highest possible flow rate. 
Furthermore, at LGR of 0.25, a smaller CEE length was estimated compared to that at 
the same flow rate and LGR of 0.08. At LGR of 0.25, the corrected gas kr is 0.11, which 
is 2 % higher than the value obtained at the highest flow rate. It also proves that the 
corrections are more necessary for the experimental data measured at lower LGRs. In 
addition, the wetting phase saturation in the unaffected zone was obtained at each LGR. 
As shown in Table 6, at LGR of 0.08, the wetting phase saturation (𝑑𝑑𝑜𝑜∗) was 0.49, 
which is 6% smaller than the average saturation obtained at the highest flow rate. This 
difference is 3% at the highest LGR of 0.25. This further confirms the necessity of CEE 
correction for experimental data measured at lower LGR. 
 
Table 6: The obtained CEE lengths, CEE pressures, wetting phase saturations and the 
corresponding non-wetting relative permeability values for the Eagle Ford shale sample. 
LGR 
Total Flow 
Rate 
(cc/hr) 
∆𝑷𝑷𝑬𝑬𝑬𝑬𝑬𝑬 
(psi) 𝑳𝑳𝑪𝑪𝑬𝑬𝑬𝑬 𝒌𝒌𝒉𝒉𝒈𝒈(𝑺𝑺𝒐𝒐∗) ∆𝑷𝑷𝑪𝑪𝑬𝑬𝑬𝑬 (psi) 𝑺𝑺�𝑪𝑪𝑬𝑬𝑬𝑬 𝑺𝑺𝒐𝒐∗ 
0.08 
10 190.9 0.85 
0.28 174 0.63 0.49 13 212.0 0.74 16 249.1 0.59 
20 307.1 0.41 
0.25 
10 327.8 0.53 
0.11 184 0.74 0.65 13 410.0 0.43 16 463.9 0.42 
20 572.7 0.37 
 
Using the estimated CEE length, the oil relative permeability can be calculated using the 
Darcy equation applied to the unaffected zone (i.e. non-CEE length), based on the oil 
viscosity and pressure difference. The corrected SS-kr data are shown in Figure 9, 
together with the uncorrected values from the experiments. As shown, uncorrected 
experimental data give underestimated relative permeability values. In addition, liquid 
build-up due to the CEE causes higher wetting phase saturation along the core. 
However, for the Eagle Ford shale sample, the corrections were not required for the 
experimental data measured at residual gas saturation, as there were no significant 
changes at different rates. 
As mentioned before, the proposed method can be applied to correct the experimental 
data as long as the CEE region is smaller than the core length. In other words, if the 
CEE region covers the entire core, the proposed technique cannot be applied and 
negative values will be obtained for the non-CEE length. This means that the viscous 
forces are not strong enough to compete with capillary end effect and thus the CEE 
region covers the entire core. Considering this point, it should be added that the 
proposed method cannot be applied to correct the experimental data of Eagle Ford shale 
obtained for LGR of less than 0.08, since the CEE region is extended all along the core. 
As shown in Table 6, at LGR of 0.08, the CEE zone extended up to 85% of the core 
length, at the total flow rate of 10 cc/hr. It is evident that at lower LGRs (towards the 
residual liquid saturation), the CEE covers the entire core length and the proposed 
technique cannot be applied. However, based on the corrections performed on the 
experimental data at LGRs of 0.25 and 0.08, a trend with major differences in kr and 
wetting phase saturations is expected, shown as a green dotted line in Figure 9. 
 
 
 (a) 
 
(b) 
Figure 9 : Experimental and predicted relative permeability data measured on the Eagle Ford 
shale samples at 1500 psi (corresponding to IFT of 5.5 mN/m) shown in (a) linear and (b) semi-
log scale. 
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5. Conclusions 
In this study, a new technique was proposed to correct the steady state relative 
permeability (SS-kr) data affected by capillary end effects (CEE). In the proposed 
technique, steady state displacements at four different flow rates are required to estimate 
the CEE length, oil/gas relative permeability, fluid saturations and pressure drop in the 
unaffected zone. It was mathematically shown that, for a constant LGR, the pressure 
drop and the average wetting phase saturation within the CEE region are constant and 
independent of flow rate.  
In addition, the integrity of the proposed method was evaluated using series of 
artificially generated experimental data. For this purpose, a set of capillary pressure (Pc) 
and kr data were assumed and used in the analytical solution of two-phase flow coupled 
with Pc. The analytical solutions were then used to generate artificial experimental data 
for pressure drop and average saturation during the SS-kr measurements. The generated 
data were then utilised in the proposed technique to estimate the kr data and the fluid 
saturations corrected for CEEs. In addition, the proposed technique was used to correct 
the SS-kr data of a shale sample (Eagle Ford). The data from SS displacement 
experiments conducted at four different flow rates were used to obtain the corrected SS-
kr data. The following observations and conclusions can be drawn from this study: 
- The simulation results of SS two-phase flow showed that the CEE is more 
significant during the SS-kr experiment performed at lower LGR. In addition, the 
dominant role of the CEE increases as the injection rate is decreased. 
- The proposed model was validated by artificially generated data. It was shown 
that the corrected SS-kr data obtained by the proposed method were in good 
agreement with the actual known kr data of the input. 
- The SS-kr data of the Eagle Ford shale showed a significant variation when 
measured at different injection rates. This variation was significant for lower 
LGR and decreased by increasing LGR. It was concluded that the CEE is the 
main reason for this observation, as a similar behaviour was shown in the results 
from the numerical solutions. 
- Comparison of the measured kr data and the corrected values showed that 
ignoring CEEs during SS-kr measurements of tight and shale rocks can be highly 
erroneous. 
- The proposed technique can be used to estimate reliable kr data without any 
saturation profile measurement equipment, such as CT-scan or MRI. In addition, 
the proposed technique can be simply applied to the measured data during the 
experiment and, if required, the test can be repeated before going on to the next 
LGR. 
 
LIST OF SYMBOLS 
Nomenclature 
A area 
K absolute permeability 
q flow rate 
S saturation 
F liquid/gas flow rate ratio 
P pressure 
L length 
x distance 
F liquid gas flow rate ratio 
𝑑𝑑𝑜𝑜
∗   wetting phase (oil) saturation 
𝑑𝑑𝑜𝑜���  average wetting phase (oil) saturation 
IFT interfacial tension 
𝜇𝜇 viscosity 
 
Subscript 
g gas 
o oil c capillary pressure 
or residual oil 
gr residual gas 
ro oil relative permeability 
rg gas relative permeability 
out outlet 
Exp experimental 
CEE capillary end effect 
unaf unaffected 
t total 
r relative 
 
 
Abbreviations 
CEE capillary end effect 
SS steady state 
LGR liquid gas flow rate ratio 
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Appendix I 
Gupta and Maloney (2015) proposed the intercept technique to correct CEE during relative 
permeability measurements. The intercept method was proposed to correct CEE errors from 
both pressure and saturation measurements for each LGR. In this technique, several 
measurements of rate vs. pressure drop are required at the same LGR. The obtained trends in 
pressure drop vs. rate and saturation vs. rate will be used to correct the data for each single 
LGR. To correct the pressure data, one can start with Darcy’s equation as follow 
𝑞𝑞𝑡𝑡 (1 − F) = −𝐾𝐾𝑘𝑘𝑟𝑟𝑟𝑟𝐴𝐴𝜇𝜇𝑟𝑟𝐿𝐿 (∆𝑃𝑃𝑡𝑡ℎ𝑐𝑐𝑜𝑜𝑟𝑟𝑒𝑒𝑡𝑡𝑒𝑒𝑐𝑐𝑢𝑢𝑒𝑒 𝑟𝑟𝑒𝑒𝑡𝑡ℎ𝑜𝑜𝑢𝑢𝑡𝑡 𝐶𝐶𝐶𝐶𝐶𝐶) (A-1) 
where ∆𝑃𝑃𝑡𝑡ℎ𝑐𝑐𝑜𝑜𝑟𝑟𝑒𝑒𝑡𝑡𝑒𝑒𝑐𝑐𝑢𝑢𝑒𝑒 𝑟𝑟𝑒𝑒𝑡𝑡ℎ𝑜𝑜𝑢𝑢𝑡𝑡 𝐶𝐶𝐶𝐶𝐶𝐶 is the pressure drop across the core without any capillary 
contribution to the pressure drop. ∆𝑃𝑃𝑡𝑡ℎ𝑐𝑐𝑜𝑜𝑟𝑟𝑒𝑒𝑡𝑡𝑒𝑒𝑐𝑐𝑢𝑢𝑒𝑒 𝑟𝑟𝑒𝑒𝑡𝑡ℎ𝑜𝑜𝑢𝑢𝑡𝑡 𝐶𝐶𝐶𝐶𝐶𝐶 can be expressed as the difference 
between the experimental pressure drop across the core ∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 and the pressure drop resulting 
from the ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶. Therefore, 
𝑞𝑞𝑡𝑡 (1 − F) = −𝐾𝐾𝑘𝑘𝑟𝑟𝑟𝑟𝐴𝐴𝜇𝜇𝑟𝑟𝐿𝐿 (∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 −  ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶) (A-2) 
Rearranging Eq. A-2 gives 
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 = �𝜇𝜇𝑟𝑟𝐿𝐿(1 − 𝐹𝐹)𝐾𝐾𝑘𝑘𝑟𝑟𝑟𝑟𝐴𝐴 � 𝑞𝑞𝑡𝑡 +  ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 (A-3) 
Using the above concept, Gupta and Maloney proposed to obtain ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 from the intercept of 
the plot of laboratory-measured pressure drop across the core (∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸) and the injected total 
ﬂow rate (𝑞𝑞𝑡𝑡 ).  
To correct the saturation data, they used the following overall saturation-balance equation for 
a given fractional-ﬂow condition: L 𝑑𝑑𝑟𝑟,𝑢𝑢𝑎𝑎𝑔𝑔  = (L + 𝜕𝜕𝑒𝑒)𝑑𝑑𝑟𝑟,𝑡𝑡𝑟𝑟𝑢𝑢𝑐𝑐 +  𝜕𝜕𝑒𝑒  𝑑𝑑𝑟𝑟,𝐶𝐶𝐶𝐶𝐶𝐶 (A-4) 
where 𝜕𝜕𝑒𝑒 is the length of CEE region, 𝑑𝑑𝑟𝑟,𝑢𝑢𝑎𝑎𝑔𝑔 is average water saturation, 𝑑𝑑𝑟𝑟,𝐶𝐶𝐶𝐶𝐶𝐶 is average 
saturation of CEE region and 𝑑𝑑𝑟𝑟,𝑡𝑡𝑟𝑟𝑢𝑢𝑐𝑐 is actual water saturation as shown in Figure A-1. 
They defined CEE-length factor as 𝛽𝛽 = 𝜕𝜕𝑃𝑃
𝐿𝐿
 and proposed the following equation as a reliable 
concept to correct the saturations. 
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𝛽𝛽 = ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶
∆𝑃𝑃𝐶𝐶𝐸𝐸𝐸𝐸 −  ∆𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 (A-5) 
Rearranging Equation A-4 and use of Equation A-5 gives the expression 1(1 − 𝛽𝛽) 𝑑𝑑𝑤𝑤,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑑𝑑𝑤𝑤,𝐶𝐶𝐶𝐶𝐶𝐶  𝛽𝛽(1 − 𝛽𝛽) + 𝑑𝑑𝑤𝑤,𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (A-6) 
Based on Equation A-6, CEE-corrected saturation (i.e. 𝑑𝑑𝑟𝑟,𝑡𝑡𝑟𝑟𝑢𝑢𝑐𝑐) is the intercept of the plot of 
(
1(1−𝛽𝛽)  𝑑𝑑𝑤𝑤,𝑎𝑎𝑎𝑎𝑎𝑎)  and  ( 𝛽𝛽(1−𝛽𝛽) ). 
 
 
Figure A-1: Schematic of water saturation highlighting the average water saturation (𝑑𝑑𝑟𝑟,𝑢𝑢𝑎𝑎𝑔𝑔), 
average saturation of CEE region (𝑑𝑑𝑟𝑟,𝐶𝐶𝐶𝐶𝐶𝐶), and asymptotic water saturation (𝑑𝑑𝑟𝑟,𝑡𝑡𝑟𝑟𝑢𝑢𝑐𝑐) presented 
by Gupta and Maloney (2015). 
 
